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Exercise 20

Prove, using the definition of derivative, that if f(x) = cosx, then f ′(x) = − sinx.

Solution

Use the definition of the derivative to prove the result.

f ′(x) =
d

dx
(cosx)

= lim
h→0

cos(x+ h)− cosx

h

= lim
h→0

cosx cosh− sinx sinh− cosx

h

= lim
h→0

cosx(cosh− 1)− sinx sinh

h

= lim
h→0

(
cosx

cosh− 1

h
− sinx

sinh

h

)

= cosx lim
h→0

(
cosh− 1

h

)
− sinx lim

h→0

(
sinh

h

)
0
0=
H
cosx lim

h→0

[
d
dh(cosh− 1)

d
dh(h)

]
− sinx lim

h→0

[
d
dh(sinh)

d
dh(h)

]

= cosx lim
h→0

[
(− sinh)

1

]
− sinx lim

h→0

[
(cosh)

1

]
= (cosx)(0)− (sinx)(1)

= − sinx

Note that (cosh− 1)/h and sinh/h are 0/0 indeterminate forms when h→ 0, so l’Hôpital’s rule
can be applied to evaluate the limits.
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